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7.0 OBJECTIVES

After going through this unit, you should be able to:
e identify the dynamics problems in economics; and

e use the mathematical tools of differential equation to solve problems
related to economic theory.

7.1 INTRODUCTION

Events that change over time are put under the purview of dynamic analysis.
In this unit, we introduce a framework for dealing with dynamic economic
problems by introducing time explicitly into these. For that purpose, let us
start with the mathematical techniques of integral calculus and differential
equations.

7.2 DYNAMICS AND INTEGRATION

In a dynamic economics model, the basic objective is the identification of the
time path of the variable on the basis of its rate of change. For example,
national income y of a country changes overtime. To see the rate of change we
need to see its change with respect to time and to find the time path followed

by y. Thus, if we know the derivative % it will be possible to get onto the

function like y = y(t) through the technique of integration which happens to

be opposite of the process of differentiation. We will return to this process
after a while.
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7.3 THE TOOLS OF DYNAMICS

The dynamic exercises are usually carried on with the aid of differential and
difference equations. By taking ‘time’ as the independent variable, an attempt
IS made to derive their solutions. The simple integrals, both indefinite and
definite, help in many contexts to define some important concepts of
economic dynamics. The discussion that follows begins by introducing the
notion of the integral. Then we move on to discuss the technique of
differential equations. From now on, all functions in this unit will be assumed
to be continuous and real valued.

7.3.1 The Indefinite Integral and its Economic Applications

As we have pointed out above, basically indefinite integral is reverse
differentiation. Recall that differential calculus gives the rate of change
(derivative) of a given function. Indefinite integration reverses such a process
and finds the unknown function whose rate of change (derivative) is given. If
the function f(x) is written symbolically as

j f (x)dx

which is read as “the integral of f (x) with respect to x” and f (x) is the
‘integrand’. We can write

[ f(9dx =F(x)

provided f(x) is the derivative of F(x) i.e. f(x) = %F(x). It is not difficult to
see that the function F(x) is not unique, because if F(x) contains the derivative
f(x), then so has F(x) + ¢ where c is any arbitrary constant. For that reason the
indefinite integral is always written with an arbitrary constant, called ‘the
constant of integration’. As functions differ only by an additive constant, the
derivative remains the same.

Examples:
1) J(x3+3)dx:lx4+3x+c
4
2) jexdx =e“+cC
1
3)  [“dx=log(x)+c
X

Through the above examples we may verify that in each case the derivative of
the right hand side equals the corresponding integrand on the left-hand side.
Thus we see that

%[j f (x)dx] = f(x)

We now state two useful rules of integration.



Rule 1: The integral of a constant time a function equals the constant times Integration and

the integral of the function. Application of Economic
Dynamics

j kf (x)dx =k j f (x)dx
2 2 x°
Example: | 2x“dx =2| x“dx=2| —+c¢
p _[x X jx X £3+J

If we recall that the derivative of a constant time a function is the constant
times the derivative of the function, it will be easier for us to appreciate above
rule. If k = -1, we have the result

J.[— f () Jx = —J. f (x)dx.

Rule 2: The integral of a sum of functions equals the sum of the integrals of
the functions, viz.,

j[f (x) + g (x)Jdx =j f (x)dx + j g(x)dx.

Example: [ (56~ +§)dx - [ 5e*)ax— [ (x P+ | ;dx

1
=5|e*dx— | x2dx + 3| =dx
Jerax-[xaesf
X—l
:(5ex +cl)—£—1+czj+(3log X+C;)
1
=5e*+—=+3logx+c
X
The rule is directly related to that of the derivative of a sum of function is the
sum of the derivatives of the functions.
Some Useful Formulae

We state without proof some useful formulae for integration.

n+l

X
+c,nx-1
n+1

1) Jx”dx=

2) Jx’ldx:j%:logx+c forany x>0
X

mx

3) jemxdx=e +c forany m.
m

4) ja"“dx: ¢
mloga

5) jcosaxdx=smax+c

a
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cos ax

6) Isin axdx =—

7) J'[Klf(x)+ K,g(x)dx]= Klj' f(x)dx + K,g(x)dx+c  for Ky, K;>0

Determination of the Constant of Integration using Initial or Boundary
Conditions

We have seen above that the indefinite integral is assigned an arbitrary
constant. Its value can be precisely determined if we know that the integral of
the function y = f (x) + ¢ obeys some prescribed initial condition (y = yo
when x = 0) or more generally boundary condition (y = yo when x = Xp). To
understand the underlying idea let us take the following example:

x* x?
J(x3+x+1)dx:(T+clj+(?+czj+(x+c3)
4 XZ
=—+—+X+C
4 2
xt X
Here y = f(x) + ¢ = I+?+X+C' Suppose, we are given the initial
condition, y = 20 when x = 0. Then
Yo=1(0)+c=c=20

4 2
This fixes the integral as the unique function y = XZ+X?+ X+20. We will

return to the initial condition again in Section 7.4.
Some Computational Methods

The standard procedure of integration given above is sometimes inadequate
for computational purposes. In such a situation, it becomes necessary to
attempt certain kinds of manipulation before the function becomes amenable
to integration. We have a few standard results to help initiate the process of
integration. However, remember that these are not all that can be used and
there are no routine manipulations that can be prescribed. Practice opens up
the channels of finding a solution to the integral.

Method of Substitution

If F(x) =J' f(x)dx, the indefinite integral can be obtained by resorting to
transformation. If we take x = g(y), then

[ fo0dx=[lam]a'(y)dy-
See thatx =g(y) = dx=g'(y)dy.
Ifo(y) = [ fla(y)]a'(y)dy, then

F(x) = o[g™* () is the inverse of g(.)].



1
Example: i) Solve F(x) = [(L1+5x)?dx.

Lety =1+ 5x
1
dy = 5dx, or dx = gdy

1

1.t 12
SF(X)==[y2dy==-<
(x) SIy y=c3Y

3
Z4+c

2 3 2 :
= — +Cc=—(1+5x)2 +¢
T ny? s ( )

i)  Solve F(x)= Iﬁ

Lety=3x-1

So, dy =3 dx, or, dx = %dy.

dy 1 1) 1
~FO=3 Iy 3(_§j+c_3(3x+1)+c

Integration by Parts

Let us return to differentiation of product of two functions u = f(x) and v =

f(x) which gives,

d(uv) = uﬂ +vd—u
dx  dx

From this, we can obtain

J'(uv)'dx = Iuv' dx + J'vu'dx

©] _[ (uv)'dx =uv

suvidx=uv - jvu'dx

Example: Solve F(x) = Jxe’xdx

Let u(x) = x, v(x) = -
Sothatu'(x) =1, v'(x) =™

s F(x) =J'u.v'dx

=uv —_[vu'dx

Integration and
Application of Economic
Dynamics
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—xe™* +Je’xdx

—X

=—xe*-e*+c=-e1+x)+cC

Economic Applications of Indefinite Integration

Consider the following two examples as a part of your exercise to apply the
tool of indefinite integration to often cited problems of economics.

a) Investment and the Stock of Capital

Let net investment | is the rate of change of the stock of capital K. If time is
treated as a continuous variable, we can express this as

0= %O

Thus, if the rate of investment I(t) is known, the capital stock K(t) can be
estimated through the formula,

K() = [ 1@t

1
Example: The rate of net investment is given by I(t) =12t*and the initial
stock of capital at t = 0 is 25 units. Find the equation for the stock of capital.

1 3) 4
K(t) = |12t3dt =12| — |t3 +C
-] 3
4
=9t° +c
As K(0) = ¢ = 25 given,

4

K() =09t3+25
b) Obtaining the Total from the Margin

Integration helps us recover the total function from the marginal function if
the concerned variable varies continuously. Thus, it will be possible to derive
the total functions such as cost, revenue, production and saving from their
marginal functions. We will examine a simple application to see the procedure
involved.

Example: If the marginal revenue function of a firm in the production of

output is MR = 40 — 10g° where q is the level of output and total revenue is
120 at 3 units of output, find the total revenue function.

Since MR = ddT—R we can write
q

TR = [ MRdq

=[ (40 - 10g°) dq

= 40q - %q3 +C



At g =3, TR =30 + ¢ = 100 given. So ¢ = 90. The required total revenue
function is

TR(q)= 40q —%qS +90.

7.3.2 The Definite Integral and its Economic Applications
The definite integral of the function f(x) over the interval [a, b] is expressed

b
symbolically as j f(x)dx, read as “the integral of f with respect to x from

atob”.

The smaller number a is termed the lower limit and b, the upper limit, of
integration. Geometrically, this definite integral denotes the area under the
curve representing f(x) between the points x =a and x = b.

f(x)

O a c b d X
Fig. 7.1
It should be noted that the indefinite integral f(x) dx is a function of Xx,

b
whereas the definite integral _[ f (x)dx is a number. The numerical value of

the definite integral depends on the two limits of integral also changes. This is
clear from Figure 7.1 where if we change the interval (a, b) to (c, d) the value
of the area under the curve will, in general, change.

Another feature of the definite integral is that its value does not depend on the
particular symbol chosen to represent the independent variable so long as the
form of the function is not changed. That is,

THMW=Tf®m=Tﬂmw=ﬂo

The following theorem establishes the connection between indefinite and
definite integration and supplies the method for evaluating definite integrals.

The Fundamental Theorem of Calculus
b
ij@ﬂxzﬂm+cJMn

b

jfumx=ﬂm—ﬂa

a

Integration and
Application of Economic
Dynamics
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5
Examples: 1) To evaluate J'xzdx.
1
5
J'xzdx =x*+c
1
5
So, [¥’dx = 5°—1° =124,
1

1
2) To evaluate J (ax® + bx +c)dx.
-1

_f(axz+bx+c)dx=a%x3+b%x2+cx+c'.

So, j(ax2 +bx+c)dx:[a§+b%+c.1]—(a%+b%+c.(—l)}

-1
1 1 1 1
=(-a+=b+c)-(—=a+=b-c
Ga+sb+e)-(-za+-b-c)

1 1
=(za-=b+c
Ga-5b+c)

=Ea+2c
1

=2(=a+1
(3 )

Definite integrals are subject to certain rules of operation.

Rule 1: If the two limits are equal, the value of the integral is zero.

T f(x)dx =0.

a

Rule 2: Reversing the limits of integration changes the sign of the integral.
b a

jf(x)dx: —jf(x)dx.

a

Rule 3: The definite integral can be expressed as the sum of subintegrals.

j FO0dx= | FO0dx+ [ f (xdx

a
where b is a point within the interval (g, c).

We now discuss briefly one special type of definite integral, the improper
integral. When one of the limits of integration is + o or (—) a definite



integral is called an improper integral. Such integrals are evaluated using the
concept of limits according to the following rules:

i) Tf(x)dxz bl;tw_tf f(x)dx .

b b
i) [ f(gdx= Lt [ £00dx
Example:

< dx
Evaluate jd—z
1 X

b
Since J'd—)z( = —% +1, the desired integral is
X
1

b
Lt ﬁz Lt (_lj:]"
b

b—ow 1 X 2 b—ow

Economic Applications of the Definite Integral

a) Consumer’s Surplus

Consumer’s surplus (CS) measures the net benefit that a consumer enjoys
from the purchase of a particular commodity in the market. To measure CS,
we take (i) the demand function of a consumer P = f(q) representing the
highest price a consumer is willing to pay (her ‘demand price’) for any
specified quantity, (ii) the actual price paid for the quantity purchased and (iii)
get the difference between (i) and (ii). In the figure below, a consumer is
willing to pay a price of p; per unit for g, units, p, per unit for g, units, and so
on. Suppose the market price is p. At this prices she purchases J units and
her actual expenditure is pq, represented by the rectangle OpEQ . Her total
willingness to pay for q is obtained as the sum of her demand prices for all the

units from 0 toq .

L

Fig. 7.2

Mathematically, this is the definite integral of the demand function up to T,
or the area under the demand curve up toq. The excess of this total

Integration and
Application of Economic
Dynamics
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willingness to pay in units of money over her actual expenditure is her
Consumer’s surplus.

CS=| f(g)dg- pq.

O e, O |

It is represented by the crossed area in the diagram.

Example: Suppose the demand function of a consumer is given by p = 80 — Q.
If the price offered is p = 60, find the consumer surplus.

For p = 60, we get q = 20 from the demand equation. Actual expenditure pq =
1200.

20
Now CS = J(80—q)dq— Pq

0

=1400-1200 =200.
Thus the consumer’s surplus is Rs.200.

b) Capital Accumulation Over a Specified Period

Since J I (t)dt = K(t) + ¢, we may use the definite integral

b
J I (t)dt = K(b) — K(a) to find the total capital accumulation during the time

a

interval [a, b].
Example: Given the rate of net investment I(t) = 9t"?, find the level of capital
formation in (i) 16 years and (ii) between the 4™ and the 8" years.

16
) K= jgtl’zdt=6(16)3’2—0=384
0

8
ii) K= [9t''?dt=6(8)"* — 6(4)*' =135.76 — 48 =87.76.
4

¢) Present Value or Discounted Value Under Continuous Compounding
of Interest

A basic concept in capital theory is the present or discounted or capital value
of a specified sum of money that will be available at a future date. If the
annual rate of interest is 100r percent, then the present value Y of Rs. X

+r 1+r

after one year at the stipulated annual rate of interest of 100r per cent.
Similarly, the present value of Rs.x available t years hence is

. . X X .
available next year is Y = or because Rs. (—j now will become Rs.x




If interest is compounded n times a year at 100r per cent per year then the
present value is

X r

\(=—=x(1+—j"t . (D)
(1+rj'“ n

n

If interest is compounded continuously, then n — < and the continuous
counterpart of (1) becomes

Y=xe™

using the result: Lt (1+ Kj =e,

n—oo n

Now consider a project that yields an income x(t) at future period t fort=1, 2,
..., T. That is, the income stream associated with the project for T years is :
X(1), xX(2), ..., X(T). The present or discounted value of this income stream at
annual compounded is:

_ v X
Y_;(“r)t .. (2)

When income flows continuously at the rate of x(t) per period up to period T
and interest is compounded continuously the expression for present value
becomes

Y = | x(t)e "dt .. (3)

O e, —

Note that the magnitude of present value depends on the size of the income
stream, the number of years it flows (the time horizon) and the rate of interest
(the discount factor).

You should keep in mind the distinction between the present value of the sum
x(T) available T periods hence and the present value of the stream of income
X(t) per period up to period T. In the figure the former is the ordinate at t = T,
whereas the latter is the shaded area under the curve upto t = T.

Ro

x(T)e™ "

Integration and
Application of Economic
Dynamics
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A particular case of interest is the valuation of an asset (a bond or a piece of
land) yielding a fixed income Rs. R for ever. The market value Y of such an
asset is the present value of the perpetual yield.

Y = TRe’rt dt =R Te’”dt
0

Remembering the rule for evaluating improper integrals.

b
je "dt= Lt |e"dt= Lt(—l rul):

b*}OC b—w r r

1
-

Hence, the market value is:

v="2
r

To illustrate further, the use of the concept of present value, we consider the
following more complex problem of optimal timing.

The value of timber planted on a plot of land grows over time according to the

function V(t) = 27t Assuming zero cost of maintenance and a discount factor
of r, find the optimal time to cut the timber for sale.

Since cost of production (upkeep) is zero, profit maximisation here is
equivalent to the maximisation of sales revenue V. Due to the interest factor,
r, different V values, however, are not comparable because they accrue at
different points of time. The solution involves discounting each V value to its
present value (the value att = 0). The process of discounting puts them on
comparable footing.

Assuming continuous compounding, the present value R(t) can be written as
R(t) = V(t)e " =2"te ",

The optimal time of cutting is the value of t that maximises R(t). Since f(x)

and log f(x) attain their maximum at the same value of x, the problem can

equivalently be restated as finding the value of t that maximises log R(t).

InR(t) = \/flog 2—-rt

Differentiating with respect to t and setting the derivative equal to zero, we get

i_d_R— In_z_r —0
R dt |24t

drR In2
or, —=R r =0(R=0
dt (M j (R70)

or, \ﬁzlg—z, since R #0.
r



2
or,t= (In_zj
2r
We leave it to you to check that at this value of t the second order condition
2

for maximisation

o < 0 is also satisfied. Thus, the expression for the

optimum time for cutting the timber is (log 2/2r)2. It is to be noted that the
higher the rate of discount r, the sooner the timber should be cut. This is a
general characteristic of all optimal storage or timing problems.

7.4 DIFFERENTIAL EQUATIONS AND ITS
ECONOMIC APPLICATIONS

We deal with many economic models which have temporal dimensions
involving relationships between the values of variables at a given point of
time and the changes in these values over time. As an expample we may
consider a model of economic growth that often postulates a functional
relationship between the change in the capital stock and the value of output.
When time is modelled as a continuous variable, differential equations are
formulated by involving the derivatives (or differentials) of unknown
functions.

7.4.1 Solving Differential Equations

Solving a differential equation means finding a function that satisfies that
equation.

Let us start with some basic ideas behind these equations. If y = f(x) is a

function for which derivatives of adequate order exist, then %z f'(x).

X
Suppose that we know f '(x) and would like to go back to the function y.
Therefore, we try to solve the problem.

dy = f(x)dx
=y= [ (edx.

Through differential equations, we attempt to solve the problems, which are
related to change over time, i.e., dynamic variables. For example, suppose that
a hypothetical economy’s income (y) is related to time (x). It is given in
functional form: y(x) = 2x*2. If the income changes over time, we find the rate
1

of change as %:x 2. Let us work to find the time path of the income
change, so that we write y = y(x). The derivative of this function, however,
will be same as that of y = y(x) + ¢, where c is any arbitrary constant. In such
a situation, we cannot determine a unique time path of the income change. It is
necessary, therefore, to work out a definite value of c. Additional information
required for that purpose is to have the initial condition. If we know the initial
income of the economy, say, y(0), i.e., value of y at x = 0, then the value of
the constant c can be determined.

12

Thus, from y(x) = 2x~“ +c, when x = 0,

Integration and
Application of Economic
Dynamics
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we get y(0) = 2(0)*? +c = c.
See that constant c is no longer arbitrary as if y(0) = 10,000, ¢ = 10,000 and

y(x) =2x"? + 10,000. More generally, for any given initial income, y(0), the
time path will be

y(x) =2x" + y(0).

Note that the income example, its dynamic form, consists of the sum of initial
condition and another term with time variables.

Remember a general principle on the initial value problem: The
differential equation that involves only the first derivative, has a unique
solution if it has one initial condition. In addition, the differential equation
that involves only the first and second derivatives, has a unique solution if
it has two initial conditions.

Differential Equation: Equilibrium and Stability

In a difference equation, if the initial value has a solution that is a constant
function and hence independent of t, then the value of the constant is called an
equilibrium state or stationary state of the differential equation.

Example:
Consider the differential equation
y'(t) +y() = 2.
The general solution of this equation, as we shall below, is
y(t)=Ce™" +2.

Thus for the initial condition y(0) = 2, the solution of the problem is y(t) = 2
for all t. Thus the equilibrium state of the system is 2.

The order of a differential equation is the order of the highest derivative
appearing in the equation. Its degree is the highest power to which the highest
order derivative is raised. A differential equation is linear if the dependent
variable and derivatives are raised to the first power only and no product term

dy
y —= occurs.
dx

Examples: In all the examples that follow the unknown function is y = f(x).

1) % =4x-9 First order, first degree
X

4
2) (%j —x*=0 Firstorder, fourth degree
X

d?y
dx?

3)

—2y=0  Second order, first degree



d’ d? d? d . Integration and
2/ +x° —Z —log x 2/ NPt A y+10=0 Four order, first degree  Application of Economic
dx dx dx dx Dynamics

4)

3 2.\’
5) d—Z + d Z =8+2y Third order, fourth degree.
dx dx

Equation (1), (3) and (4) are linear since they are all of the first degree.

Please note that depending upon the complexity of the equations that we use
in course of the following discussion, the notations adopted will be in the form

of either ﬂor, f'(x).
dx
First Order Differential Equation

Solution to first order differential equation in specific instances can be worked
out with (1) separation of variables. Consider the equation,

dy
2 _f
i ()

or, dy = f{x)dx
If we integrate both the sides,

_[dy =_[ f'(x)dx, so that variables x and y are separated, it becomes easy for
applying appropriate technique of integration.

Example: v _ x°
dx
or, dy = x%dx
So, Idy =.[ x*dx
3
oy = Z-+c
Exact equations

dy
F — f‘ , t
fom — = (x), we ge

y= .[ f'(x)dx + ¢ which can be written as g(x) + c.

Remember that the addition of a constant term, ‘c’ to the function does not
affect its derivative. However, it shifts the function parallelly. Depending

upon the different values acquired by the constant term, we get a family of
3

. . X
curves for the function. Take, for example, the above solution, y = ?+c

with c= 0. Then ady =x?,
dx

19
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or, dy = x%dx
or, dy — x°dx = 0

Note that ‘0’ in the right side of this solution is due to a choice like ¢ = 0. So
we write

dy — x%dx = ¢, (where ¢ = constant)
Generalising the above result, we can write
u(x,y) =c.

So, du = uydy + uydy =0

3

Ifu= X4y, thendu=-x2dx +dy=0
or,d—y:x2
dx
_y3
Sinceu= +y,g—u:—x2 anda—uzl.
X

Therefore, dx = Z—uand dy = %u From these we write the generalised form
X
of differential equation as P(X, y) dx + Q(x, y) dy = 0.

If we can find a function g(x, y) such that P(x, y) = g—gand Qx,y) = %g we
X

write

0 0
dg(x,y)] = D gx+ &2 dy
OX OX

=P(x,y) dx + Q(x, y) dy.

Then g(x, y) = c are integral curves of the above differential equation. This
class of differential equations is called exact differential equations.

Example:

For xdx + ydy =0, set g= %(x2+y2). Then g« = xdx and g, = ydy. The

solutions are x*+y? = c, or circles.

aQ

.. . . . P
To determine if a differential equation is exact or not, check that % = 6_
X

Example:
From, (3x*+y?)dx + 2xydy = 0, we get

P(X, y) = 3x*+y?



Q(X, y) = 2xy, so that

Py = 2y = Q. The equation, therefore, is exact.
Exercise:

Solve the exact differential equation

2yxdy + y?dx = 0

In this equation

P(x,y) = 2yx

Qx,y) =y?

Now, F(y, X) = J'Zyxdy +d(X) = Y2 X + ¢(X)

dF ) ,
) +¢'(X)

9Py g(x) toget ¢'(x)=0

AsQ =d—F, we equate Q(x, y) = y* and =
dx dx

¢'(X) = J'¢'(x)dx = J'de =k, which give the specific form of ¢'(x).

So, F(y, x) = y*x + K

The solution of the exact differential equation should then be F(y, x) = c. K
being a constant can be merged with c, so that y?x = c, or yx = cx Y2 where ¢
is arbitrary.

A first order linear differential equation is general written as

dF
v P(X)y=Q(x) S C))

X
where P and Q are two functions of x, and that of y. P and Q may also be
expressed in other forms as x* and e*. These may also be constants. In the
following, we will discuss homogenous differential equations.

Example: Solow's model of economic growth

Consider a production function
q=f(K,L)

where = output, K= capital and L= labour. It is specified that the production
function takes the form: q= AL*K"“, where A is a positive constant and 0 < a

< 1. A constant fraction s of output is "saved" (with 0 < s < 1), and used to
augment the capital stock. Thus, the capital stock changes according to the
differential equation

K'(t) = sAL(t)“ K ()"

Integration and
Application of Economic
Dynamics
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Integral Calculus and and takes the value K, at t = 0. The labour force is L, > 0 at t = 0 and grows at
Economic Dynamics a constant rate A, so that

Lo,
L(t)

You can solve this model by solving for L, then substitute the value into the
equation for K (t)to get K.

Note that the equation for L is separable, and we can write

LS
L
Integrating it we get
logL=At+C
or,L =Ce"
Given the initial condition, we have C = L,.

Substituting this result into the equation for K'(t) yields

l-a

K'(t) = SACK (1)) (Loe™)* =sA(L, )" e (K (t))
This equation is separable, and may be written as
K“'dK = sA(L,)“e“"dt.

Integrating both sides, we obtain

o alt
K A& sc,
o al
so that

alt

K(t)z(SA(LO)“ eﬂ +C];.

Given K(0) = K,, we conclude that C = (K,)“ —w.

ea/it _1

Thus, K(t):{sA(LO)“ +(KO)“Tfor all t.

An interesting feature of the model is the emergence of capital-labor ratio. We

have
[SA(LO)“WHKO)“}“
K(t) A
L(t) Le™
for all t.
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Ast— o, @ converges to (%ja .
L(t) A

Homogenous Case

If P and Q are constant functions and if Q is identically equal to zero, equation

(4) becomes % +ay = 0 where a is some constant ... (5)
X

Please note that the constant term ‘0’ can be regarded as in the first degree in
terms of y because Oy = 0.

Equation (5) can be written as

Ly _

de -a ... (6)

For solution, we write ﬂ:cdx (with ¢ = —a) and integrate both the sides,
y

such that jﬂ = .[cdx. The left side of the above gives logy + ¢; fory # 0.
y

Whereas right side becomes

CX + C;

Bringing together the result of the left and right sides,
logy+ci=cx+c;

or, logy =cdx + c3 (combining c; and c; of both sides)

or, eIogy — e(CX+03)

or,y=€"e%=Ae °* whereA=ge"
Putting back ¢ = —a,
we get y(x) = Ae ™ where A is arbitrary .. (7

To get rid of the arbitrary constant, set x = 0 in the equation y(x) = Ae ™, so
that

y(0) = Ae’ = A.
Thus, y(x) =y(0)e ™ .. (8)

In (7), A is an arbitrary constant. The solution, therefore, is a general
solution. When a particular value is substituted for A, we derived the
particular solution in (8). There are an infinite number of particular
solutions, value of y(0). However, y(0) is important since it can alone satisfy
the initial condition. From the feature of giving a definite value to the arbitrary
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constant, we refer the result in (8) as the definite solution of the differential
equation.

Non-homogenous case

When we have a non-zero constant in place of the zero in equation (5) above,
it is called a non-homogenous linear differential equation.

Thus,ﬂJray:b ... (9)
dx

iIs a non-homogeneous differential equation. The solution of this class of
equations has two parts, (a) complementary function (y.) and (b) particular
integral (yp). Before we proceed to solve equation (9), it will be useful to point
out that homogeneous equation (5) is called a reduced equation of (9) and the
non-homogenous equation (9) itself is categorised as the complete equation.
Moreover, the complementary function (yc) is the general solution of the
reduced equation, whereas the particular integral (y,) is any of the particular
solution of the complete equation.

Solution to non-homogenous differential equation is seen as a sum of the
complementary function and the particular integral.

Thus, y(X) = Yc + Y.

We have noted above that y. is the general solution of the reduced equation.
We take the general solution of the homogeneous differential equation (5)

above, which was Ae ™. Thus, y. = Ae ™.

Let us came to particular integral. Recall that it is any particular solution of
the complete equation. Perhaps the simplest possible type of solution we can
think of is to take it being some constant (y = k). Taking of as a constant, we

get % =0. Therefore, equation (9) becomesay = b, ory = EWhere a=0.
X a

b . .
In that case y, =—, we get the general solution to the equation as
a

y(X)=Ae‘a*+E ... (10)
a

See that the solution remains general. The presence of arbitrary constant A is
responsible for it. In order to make it definite, we need to take an initial
condition. Setting x = 0, y can be assigned the value y(0) and we get

yO) = A+2

a
or,A=y(0)—B
a

Putting this value in (10), the solution becomes



b| &« b Integration and
y(x) =1 y(0) - a e +— .. (11) Application of Economic

a Dynamics
which is the definite solution as long as a # 0.

Exercise:

Solve the equation % + 2y =6 with the initial condition y(0) = 10.
X

We have a =2 and b = 6. Hence, according to (11), the solution is
y(x) =[10-3]e® +3 =7 +3

Solution whena =0

Ifﬂ+ay:bhasa=0,then
dx
dy
—=b .. (12
i (12)

Its general solution is found by integration, i.e., y(X) = bx + ¢ where ¢ =
arbitrary constant.

Complementary function: witha =0
ye=Ae ¥ = Ae’= A (A = an arbitrary constant)
Particular Integral

As a = 0, the constant solution y = k does not work and some non-constant
solution needs to be tried. Take y = kx so that

L
dx

From the complete equation (12) above k = b.
" Yp = bx
General solution: y(x) =y.+yp=A+bx ... (13)

Example:

Solve the equation % = 2, with the initial condition y(0) = 5.0
X

From (13) above, y(x) =5 + 2x.
Verification of the Solution

You can check the correct answer of your solution to a differential equation
by taking its differentiation. Follow the following two steps:
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Integral Calculus and 1) Test that the derivative of the time path is consistent with the given
Economic Dynamics differential equation.

2) Test the definite solution to find that the solution satisfies the initial
condition.

Check Your Progress 1

1) Solve the following differential equations.
a) (YO)’y®=t+1;
b) y(t)=t-t.
c) y'(t)=te'—t.

d) yh=ey(@®)=t+1

2) Solve the following differential equation for the given initial value.
a) ty'() =y(®A -1, (ty)= (1 1e).
b) (1 +E)y'®=ry®, (ty)=(,2).
¢) yOY'® =t (ty)=(21).
d) ey (t)-(y(1)’ -2y(t)-1=0,(t, y) = (0,0).
3) Find yc Yyp, the general solution and definite solution of the equation and

check its validity:

ﬂ+4y=12; y(0) =2
dx
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7.4.2 Solving Linear First-order Differential Equations ~ Integration and
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. . i . L Dynami
A linear first-order differential equation, in general, takes the form ynamies

y (t) +a(t)y(t) = b(t) for all t and with a and b representing functional
forms.

Coefficient of y(t) constant

Consider the case in which a(t) = a = 0 for all t, so that

y (t) = a(t)y(t) = b(t) for all t.

If the left-hand side were the derivative of some function and we could find

the integral of b then we could solve the equation by integrating each side.
If we multiply both sides by g(t) for each t, then

gy’ (t) + ag(t)y(t) = g(t)b(t) for all t.

See that the left-hand side of this equation to be the derivative of a product
of the form f (t)y(t) provided we have f () =g(t) and f (t) = ag(t). See

thatif f(t)=e,then f (t)= ae™=af(t).
Thus if we set g(t) =e™, so that we have

ey (t) +ae™ y(t) = e*b(t) and the integral of the left-hand side is e*y(t).
We get the solution of the equation as

e*y(t) =C+ [e*b(s)ds

or, y(t)=e® (C+ j e®b(s)ds)

So, the general solution of the differential equation

y (t)+ay(t) = b(t) for all t,

where a is a constant and b is a continuous function, is given by
y(t) =e™ (C+ j e*b(s)ds) for all t.

Because multiplying the original equation by e+ allows us to integrate the
left-hand side, we call e* an integrating factor.

If b(t) = b for all t then the solution simplifies to

y(t)=Ce ™ +b/a

Looking at the original equation we see that y (t)= 0 if and only if y(t) =
b/a. Thus y = b/a is an equilibrium state.

For the initial condition y(t,) = y,we have y, =Ce ™" +b/a so that
C =(y,—b/a)e™. The solution of the difference equation is given by
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y(t)= (yo - Bj e ¢ R
a a

Ast — oo, y(t) converges to b/a if a > 0, and grows without bound ifa<0
and y, = b/a. That is, the equilibrium is stable if a > 0 and unstable if a < 0.

Example:

The demand function is D(p) = a — bp and that of the supply is S(p) = a + Bp,
where a, b, o, and  are positive constants. If the speed at which the price
changes is proportional to the difference between supply and demand, find the
equilibrium price and examine its stability.

Since p'(t) = A(D(p)-S(p))with A >0 from the supply and demand
functions we have

p (t)+A(b+ B) p(t) = A(a—c). Consequently, the general solution of this
differential equation is

p(t) =Ce "' 4 (a—a)/(b+ B) and the equilibrium price is(a—a) /(b + ).
Since A(b+ £) >0, the equilibrium derived is stable.

Check Your Progress 2

1) Find the general solution of y'(t)+ (1/2)y(t)= 1/4. Determine the
equilibrium state and examine its stability.

2) Find the general solution of the differential equation
y(t)—3y(t) =5y'(t) — 3y(t) = 5 if the initial value is given as y(0) = 1.



7.4.3 Solving Second-order Differential Equations ~ Integration and
Application of Economic

Dynamics
General form Y

A second-order ordinary differential equation consists of time as the
independent variable with the depandent variable y with its first and second

derivatives. Consider for example an equation G(t, y(t), y (t),y (t)) =0 for
all t such that we can write it in the form

y ®)=F(ty).y ).
Equations of the form y{t) = F (t, y1{t))
Take an equation of form
y (1) =F(ty ),

in which y(t) does not appear. See that can be reduced to a first-order
equation if we take z(t) =y (t).

Example:

Consider Arrow-Pratt measure of relative risk aversion,

—wu' (W . .
p(WFf()) where u(w)is postulated a function for wealth w.In such a
u(w
formulation, if we consider two utility functions, uand v, then greater risk-
aversion of the former is assumed whenever p,(w) > p, (W).

Find the utility function that has a degree of risk-aversion independent of the
level of wealth? Or, for what utility functions u do we have an equation

azw for all w?
u (w)

Note that we have a second-order differential equation in which the term u(w)
does not appear. If we define z(w) =u (w), then

- —wz (W)
oz

or, az(w)=-wz (w).
The equation becomes separable and we can write as

dw _ dz

w z
Consequently, its solution is given by

alnw=-Inz(w)+C
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or, alnw=Inz(w)+C,

or, z(w)=Cw™*

Since we have taken z(w) =u (w), to get u by integrating
u(w)=Clnw+B if a=1

and

cw™?
a-1

+B ifa=l.

Thus, when atakes this form we have a utility function with a constant degree
of risk-aversion.

Linear second-order equations with constant coefficients

A linear second-order differential equation with constant coefficients
takes the form

y (t)+ay (t) +by(t) = f (t)

for constants a and b and a function f . The above equation is homogeneous
when if f(t)=0 forall t.

Let us call y'(t)+ay (t)+by(t) = f(t) as the "original equation” and assume
that y,as its solution. For any other solution of this equation v,
definez=y-vy,.

Since y -y, can be writen as

[y () +ay' @) +by() |-[ v, (O +ay, @) +by, ()] = f (1) - f (1) =0,
z is a solution of the homogeneous equation
y (t)+ay (t) +by(t) =0

Further, for every solution z of the homogeneous equation, y,+z is also a

solution of original equation. Therefore, as has been discussed above in first
order non-homogenous equation case, solutions of the original equation may
be found by

e a particular solution of the equation and
e adding to it the general solution of the homogeneous equation.
Finding the general solution of a homogeneous equation

Recall that the solution derived in case of first-order homogenous equation
was of the form y(t) = Ae". Therefore, we can write y (t) = Ae™ and

y (t) = Ae™. Substituting these into y'(t) +ay (t) +by(t)



We get Integration and
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Dynamics
rAe™ +arAe" +bAe" y

=Ae"(r?* +ar +h).
Thus, for y(t) to be a solution of the equation we need

r’+ar+b=0.

This equation is knows as the characteristic equation of the differential
equation.

Let us look at the solutions offered by the characteristic equaion. If

e a’>4b, then there are two distinct real roots, say r,and r,. We have both
y(t) = Ae™and y(t) = Ae™ as solutions the equation for any values of A
and A,.Hence, also y(t) = Ae™ + Ae™ is a solution. It can be shown that

every solution of the equation takes this form;
e a’ =4b, then the characteristic equation has a single real root. The general

solution of the equation is (A +A,)e", where r = —%a;

e a’ <4b, then the characteristic equation has complex roots. Derivation of
the results on these roots will be taken up in greater details in Unit 8 and
we will present here the general solution of the equation as

(Acos(Bt)+ A, sin(pt))e™,

2
where a:_% and pg= {b—%}. We will express this solution

alternatively as Ce” cos(Bt+w), where the relationships between the
constants C, o, A;, and A, are A;=C cosw and A,=—-C sina.

Solution of a second order nonhomogeneous equation

We follow a procedure similar to the one in case of first order equation. In
the second order equation take a linear combination of f (t)and its first and

second derivatives to try for solution that satisfies the equation. If, for
example,

e f(t)=3t—6t*, then examine the values of A, B, and C such that
A+ Bt +Ct? is a solution;

e f(t)=2sint+cost, find values of A and B such that
f(t) = Asint+ Bcost is a solution;

o f(t)=2e* for some value of B, find a value of A such that Ae®isa
solution.
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Stability of solutions of second order homogeneous equation

Consider the above homogeneous equation

y'(t) +ay (t) + by(t) =0.

If b=0, this equation has a single equilibrium, viz., 0. That is, the only
constant function that is a solution is equal to O for all t. We will consider
three possible forms of the general solution of the equation to evaluate the
stability of such an quilibrium.

Case I: Characteristic equation has two real roots

If r, and r,, are the two roots of the characteristic equation, then the general

solution of the equation is y(t) = Ae™ + Be™ . The equilibrium is stable if and
onlyif p<0Oand r, <0.

Case I1: Characteristic equation has a single real root

With a single root (say r), the characteristic equation is in stable equilibrium

if and only if this root is negative. Note that if r <0 then for any value of k,

t“e" convergesto 0 as t —» .

Case I11: Characteristic equation has complex roots

When the characteristic equation has complex roots, the form of the solution
. a

of the equation is Ae™ cos(ft + ), where o = 5 the real part of each root.

The equilibrium will be stable if and only if the real part of each root is
negative.

On the basis of the above results we can sya that the stability of the
equilibrium is ensured if and only if the real parts of both roots of the
characteristic equation are negative. A bit of algebra shows that this
condition is equivalent to a>0and b >0.0n the other hand, if b=0, then
every number is an equilibrium, and none of these equilibria is stable.

Check Your Progress 3

1) Solve the differential equation y'(t)+y(t) —2y=-10 with initial
conditions y(0) =12 and y (0) =-2.



2) Solve the differential equation y’(t) + 6(t) + 9y = 27 with initial conditions
y(0)=5and y (0)=-5.

7.4.4 Economic Applications: Examples

a) The Harrod-Domar Analysis of Steady Growth

Consider a macroeconomic model consisting of the following equations:
S(t)=sY(),0<s<1

I(t):vﬂ,v>0
dx

S() = 1(t)

where Y, S, | stand for the rates of flow of national income, planned saving
and planned investment at any point of time t. The first equation says that a
constant fraction s of income is saved in each time period. The second
equation represents the acceleration theory of investment in which induced
investment is proportional to the rate of change of income (v is a constant of
proportionality). There is no autonomous investment. For dynamic
equilibrium, we need equally between saving and investment as each period.
This is the significance of the final equation. The three equations lead to a
simple differential equation

¥ _Sy_o .. (14)
d v

By formula (10), the general solution is
Y(t) = Aet™!

Suppose it is known that Y = Yo at t = 0. Then A = Y, so that the equation
becomes

Y(t) = Y, e® ... (15)

This solution gives the behaviour of national income over time in dynamic
equilibrium. For any variable x that changes with time, its rate of growth at

1dx
X dt
(as a proportion of) the value of x at that point of time. It is clear from

equation (14) that in this model the rate of growth of national income (1 d—Yj

any point in time is defined to be ( j the rate of change of x divided by

Y dt

Integration and
Application of Economic
Dynamics
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S . .
assumes the constant value —. In other words, national income grows at the
v

S . . T
constant rate — in dynamic equilibrium.
v

It follows as a corollary from our discussion that if a variable x is changing at
a constant rate g over time (growing if g > 0, decaying if g < 0), then its time
path is given by x = X, €% where X, is the value of x at initial or base period
(t=0).

Our next application is taken from microeconomics. It will help us to
understand the notion of stability.

b) The Dynamics of Price in a Single Market

Suppose the demand and supply functions for a particular commodity are
given by

Dt:a—th
St=c+bP;a b,c,d>0,a>c

The first equation tells us that demand D in a particular period t is a
decreasing linear function of price prevailing in that period P;. The second
equation, the supply function, has a similar interpretation.

The equilibrium price in this context has the property that it (i) clears the
market in each period and (ii) does not change over time. Let us denote it by
P". (Note that since it is constant through time there is no t-subscript). Writing
P” for Py in the demand and supply equations and setting D, = S; we obtain the
expression for the equilibrium price

p* = a-c
b+d

The restriction a> ¢ ensures that P is positive. Now comes an important point.
Knowledge of the equilibrium price tells us nothing about the behaviour of
price out of equilibrium. In other words, although we know P~ we do not
know what happens when in any period t the price Pt is not equal to P". Does
price rise or fall or fluctuate in some unpredictable manner? To answer
questions of this type precisely we have to introduce a dynamic adjustment
rule for price. It seems natural and sensible to assume that price will tend to
rise if demand exceeds supply and fall if demand falls short of supply and stay
unchanged if demand and supply just balance in any period. This type of
adjustment is incorporated in the analysis through a simple liner relationship.

Z—Tze(Dt—st), 6>0 .. (16)

Since @is a positive constant, this tells us that

ar

) . =0orPrisesif Dt > S;



i) (jj—lj =0or P falls if Dt < S;and

iii) (:i_I: = 0 or P stays unchanged if Dt = S;
Substituting the demand and supply functions we obtain the differential

equation for price

Z—T =9(b+d)P=0@-c)

This, being of the form (9), has the solution

a—-c¢c

P=Ag® .
b+d

Suppose it is known that P = Py at t = 0. Then from the above solution

b+d b+d
be written as

A= (PO —ﬂj. But 2=C = P”, the equilibrium price. So the solution can

P=(Py—P") A+ 4 p* .. (17)

This completely describes the time path of price in the market characterised
by the given demand and supply curves and the adjustment rule (16). Note
that the time path (for any given initial price Po) is determined by the demand
and supply parameters (a, b, ¢, d) and the coefficient of adjustment 6. The
dependence of the solution on & brings out clearly the importance of
adjustment rules in dynamics.

Now let us take up the question of stability. Suppose that the initial price Py is
not the equilibrium price P, that is (Po — P*) # 0. The system is stable if price
tends to approach the equilibrium price P™ as time passes, that is if
Lt P(t)=P".

It is clear that since &> 0 and (b + d) > 0 the term e *** " (and hence the first
term of (16) will tend to zero as t tends to infinity, so that P will indeed
converge to P and we have a system that is dynamically stable.

7.5 LET USSUM UP

Economic models with a temporal dimension involve relationships
between the values of variables at a given point in time and the changes
in these values over time. Solution to such problems are attempted by
taking time is as a continuous (or discrete) variable. In this unit, we have
discussed some of the basic tools of dynamic analysis — the indefinite
integral, the definite integral and differential equations. In the process, we
have learnt the application of such tools in solving problems related to
economic dynamics.

Integration and
Application of Economic
Dynamics
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7.6 KEY WORDS

Consumer’s Surplus: This notion was introduced by Alfred Marshall to
measure the net benefit that a consumer enjoys from his act of purchasing a
particular commodity in the market. It is defined in terms of the excess of the
consumer’s total willingness to pay in units of money over his actual
expenditure.

Definite Integral: The definite integral of the function f(x) over the interval

b
(@, b) is expressed symbolically as j f(x)dx, read as “integral of f with

respect to x from a to b. The smaller number a is termed the lower limit and
b, the upper limit of integration. Geometrically, this definite integral denotes
the area under the curve representing f (x) between the points x = 0 and x = b.

b
Note that the definite integralj f (x) is a number.

Differential Equations: Differential equations are equations involving the
derivatives (or differentials) of unknown functions. Solving a differential
equation means finding a function that satisfies that equation.

Economic Dynamics: Dynamics is essentially concerned with change and the
effects of change on the behaviour of variables over time. Economic dynamics
deals with economic variables like national income, price, etc. The task of
dynamics is to consider the actual process of transition from the initial pre-
change position to the final equilibrium.

Equilibrium: If an initial value has a solution that is a constant function (i.e.,
independent of t), then the value of the constant is called an equilibrium state
or stationary state of the equation.

Improper Integral: It is a special type of definite integral. When one of the
limits of integration is + c or — oo, a definite integral is called an improper
integral. Such integrals are evaluated using the concept of limits.

Indefinite Integral: The indefinite integral is basically reverse differentiation.
To differentiate means to find the rate of change (derivative) of a given
function. Indefinite integration reverses the process and finds the unknown
function whose rate of change (derivative) is given.

Initial Value: To solve the differential (or difference) equation by specifying
the value of y or the value of its derivatives at any value of t.It may not

necessarily be the "first" value.

Stable Solution : If, for all initial conditions, the solution of the differential
(or difference) equation converges to the equilibrium ast t — oo, then the
equilibrium is stable.
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7.8 ANSWER OR HINTS TO CHECK YOUR
PROGRESS

Check Your Progress 1

1

1) a) y(t):(g)t2+3t+3C)3

4 2

ot
b) y()=———+C
) y(®) 7 77"

2

c) y(t):te‘—e‘+%+c

d) ()= Iog(%)tz 1t4+C
e) The equation is separable:

b jyeydy = j%dt . So integrating by parts on the left to getye’ —e’ =
In t + C. Thus the solution is defined by the condition
(y(®)-1)e*® =Int+C.

f) The equation is separable:
J(u(ay + 1))dy =Tt dt,
so that (1/4)In(4y + 1) = (1/2)t + C,
or, y(t) = Cexp(2t?) — 1/4.

2) a) y(t)=Cte’;C=1.
b) y()=C(+t)1/3;C=2.
¢ YO=J{t*+C);C=-1

):(Z-C-E-Zt)_ —

d) y(t Cre?) ' C=1

3) y(x) =e™+3

Integration and
Application of Economic
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Check Your Progress 2

t
1) y(t)=Ce 2+%. Equilibrium: y* = 1/2: stable.
2) y(t):CeS‘—g; C=8/3

(1) _P|_C_ t
3 y(t)_(tzj{c 3} 2 3

Check Your Progress 3
1)  y(t)=4e'+3e*+5

2) y(t)=2e"+te¥+3

7.9 EXERCISES

1) If the rate of change of y with respect to x is 2x and y = 4 when x = 1,
find y as a function of x.

2) The rate of change of y with respect to x is (0.8x — 0.6x?) and y = 0 and x
= 0. Find y as a function of x.

3) Let the consumer’s demand function be P = 20 — 2q.

Calculate the consumer’s surplus for P = 8. Is it larger or smaller than the CS
for P =477

4) At the rate of interest of 4 per cent a year, what is the present value of
Rs.1000 available 2 years later?

5) A piece of land yields a constant rent of Rs.1000 per year. Find its market
value if the rate of interest is 10 per cent per year.

6) Solve the equation % -5y =-25with y(0) = 6
X
7) Explain the dynamics of price adjustment process in a single market.
What happens if §<0?

8) Solve the equation % + 4y =0, with initial condition y(0) = 1.
X

9) Findye, yp, the general solution and definite solution of the equation and

check its validity % +4y=12; y(0) = 1.
X

10) Solve gy

— -5y =0; y(0) = 6 and check its validity.
X



11) Solve the differential equation vy (t)+3y —4y(t)=12 with initial ~ Integration and
Application of Economic

condition y(0) =4, y (0) = 2. Check the stability of the solution. Dynamics
12) Find the particular solution of the defferential equation
y (t)+y(t)-2y=-10.

13) Solve the differential equation y (t)—4y (t) +4y(t) =5 with the initial
conditions y(0)=4 and y (0) =6.

Answer or Hints to Exercises

1) ﬂzZX
dx

2x? )
or J'dy=_|'2xdx=2j'xdx=7+c=x +C

ory=x*+c
Nowy=4whenx=1sothat4=1+corc+3.

SLy=f(x)=x2+3

2) ay _ 0.8x —0.6x?
dx

or J'dy = J' (0.8x — 0.6x%)dx
= JO.Sxdx—JO.zedx

=o.8jxdx—o.6jx2dx

2 3

Ly = 0.8%—0.6% +cC

ory=04x>-0.2x3+¢
Nowy=0forx=0=c=0
Ly =04x2-0.2x°

3) P=20-2q=1(q)
For P =8, 12 =2q or q = 6.

.. Pq = 48 = total expenditure when P = 8.

[ f(a)da = [ (20-2q)dg

39



Integral Calculus and

6 6
Economic Dynamics = 20'[ dg - j 2qdq
0 0

= 20]3. dg - 2]3' qdq
0 0

276
- 20[q[° - 2{%} ~120-36-84.

0

8
.. Consumer’s surplus = J' f(q)dq - Pqg=84—-48=36.

0

Now, forP =4, q=8.
8
CS =j(20—2q)dq ~32=64
0

.. Consumer’s surplus increases as the price of the commodity falls.
4) Let A =amount; P = principal, r = rate of interest, n = number of years.
Then applying the compound interest formula,
A=P(L+1)",
Here A=100,r=0.04,n=2,P="?

100 100

Hence P = =
@a+ 0.04)2 (1.04)2

5) LetY = market value of land

Y= T Re"dt
0

e (For the steps which you have to do, refer to Example of Economic
r

Applications of the Definite Integral). Here R = 1000, r = 0.1

vy = 2090 16,000
1
6) N _5y_ 25
dx

Here m = -5, k =-25

k
+ — becomes
m

—MXx

Sy =Ae
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-5, Ae> +5,
5

y =A™ +

Now, y(0)=6 = Ae°+5=60rAl=1orA=1.
oy =e™ +5, is the answer.
7) See Section 7.4.1 Example.

If 0 < 0, the system cannot attain a stable equilibrium, i.e., the system is
unstable. You reason why.

8) y(x)=[1L-0]e*+c=e*
9) y(x)=-e*+3
10) y(x) = 6e>

11) The roots of the characteristic equation are 1 and —4. A particular
integral is y(t) = —3. Thus, the general solution is

Ae' +Be™ -3.

For the given initial conditions we have A = 6 and B = 1. The general
solution is unstable.

b
12) yp :gt

13) y(t) = AieZt n Aztem +%WithAi :%andAZ Z%

Integration and
Application of Economic
Dynamics
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UNIT 8 DIFFERENCE EQUATIONS AND
APPLICATIONS IN ECONOMIC
DYNAMICS

Structure
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8.3 Solving First Order Difference Equations

8.3.1 Behaviour of Solutions of First Order Equations
8.3.2 Economic Applications of First Order Equations

8.4 Solving Second Order Difference Equations
8.4.1 Homogeneous Equations
8.4.2 Behaviour of Solutions of Homogeneous Equations
8.4.3 Non-homogeneous Equations
8.4.4 An Economic Application of Second Order Non-homogeneous Equation

8.5 LetUs Sum Up

8.6 Key Words

8.7 Some Useful Books

8.8 Answer or Hints to Check Your Progress
8.9 Exercises

8.0 OBJECTIVES

After going through this unit you should be able to:

e solve problems of economic dynamics where the time variable takes only
discrete values.

8.1 INTRODUCTION

A difference equation is used to solve the values of an unknown function
y(x) for different discrete values of x. We obtain a function y(x) such that it
satisfies the equation for all values of x. In order to understand the process of
formulation of the difference equation, you may recall the discussion on
differential equation presented in the preceding unit. See that difference and
differential equations are exactly analogous with the only difference that the
former applies when the independent variable takes only discrete values,
whereas the latter when it is continuous.

8.2 DIFFERENCE EQUATIONS IN ECONOMICS

To get an idea about how difference equations may come up in economics
consider the case where it is known that the national income y of a particular
country has been growing at a constant rate g over (say) a ten year period
starting from some base year. The rate of growth of y at any period t may be

represented as (mj Note that this is the expression that gives the rate

Yia
of growth of y at a particular point in time. In contrast, you have seen the



expression mj/dt
as discrete, we find the numerator as the increment of income in current
period (period t) over the level attained in the immediately preceding period
(period t — 1). The ratio of this to the income yi; of the preceding period
gives the current rate of growth. Since we have said that rates of growth of
income, g, is constant (i.e., independent of t) over ten year’s interval, it can be
written as:

&: 91 ty =11 21 31 41 R 10
Y
onLyi=(1+Q)Vent=2,2...,20.....cccceeeenn (1)

Equation (1) relates the values of the variable y at two distinct periods t and
(t—1). Itis an example of a difference equation.

There is a one-period lag in the values of the relevant variable (y; and yi;).
Therefore, it is an example of a first order difference equation. The order of
a difference equation is determined by the maximum number of periods
lagged. Some examples of difference equations are given below with the
orders noted.

Yz —3Y t4=0 order 1.
Yt = a(Yt1 - Yi2) + 10 order 2.
10g Yi+0 = Yir 7 (Yirg)® + 6yt =0 order 9.
18y —yr=2'-5°*1 order 4.
Vs T8y =Dy +C order 4

Consider a difference equation of the following form:
Y= a1+ QYo+ ...+ anyent b
where a, ay, ..., &, and b are constants.

This is called an n™ order linear constant coefficient difference equation
(assuming a, # 0, otherwise the order will be less than n). It is linear because
the dependent variable y is not raised to any power and there are no product
terms, constant coefficients because a, ..., a, are constants and do not change
with t. This equation will be homogeneous if b = 0. If b # 0, then it is non-
homogenous. In this unit, we shall work only with difference equations of this
special type of orders one and two (n =1, 2).

8.3 SOLVING FIRST ORDER DIFFERENCE
EQUATIONS

In solving a difference equation, we find a time path y(t) from a given
initial condition. As pointed out above, a first order difference equation
takes the form

y, = f(ty,,) forallt
We can solve such an equation by successive calculation,also called
recursive method , taking the initial value of y (say Yo) as given. Thus,

y1=F (1, yo)
y2= F(2, y1) = (2, f(1, yo))
and so on.

Difference Equations and

when y was treated as a continuous variable. Treating y Applications in Economic

Dynamics
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However, resorting to calculation of the solution through such a method
doesn't tell us much about the properties of the solution. We should have a
general formula, which exists if the form of f is simple.

Let us start with a first-order linear difference equation with constant
coefficient. It takes the form

Yy, = ay,, +b, where b, fort=1, ... are constants.

When the recursive method is used, you will see a pattern as follows:

and such an equation has a unique solution path.To check that we
get the unique solution from the above formulation, verify that it
satisfies the original equation.

Since we have

t-1
ay, , +b = a(at‘ly0 +> a'™b, j +b,
k=1
t-1
=a'y,+ Y a b +h,
k=1

t
=a'y,+ . a™b,
k=1

=Y.,
so that the solution obtained is correct.
Taking the equation (2), we can examine the special case of
b.=bforallk=1........
We have

t-1
y=ay,+h> a™

j=0
Making use of the result of geomtric series summation, the term
t-1

Za“l may be expanded as 1 +a + a2+ ... + a- to give
j=0

l+a+a+..+a=(l-a)/(1l-a).

if a # 1. Thus we have

yo=ay,+b(l-a)/(l-a)

ifa=1l.

For any given value y,, the unique solution of the difference equation
y.=ay. th,

where a=1, is

y.=a(y,— b/(1-a)) +b/(1-a).

44



Equilibrium or Stationary Value

For a given value y,, the value of y, changes with t. But there may be some
value of y, for which y, doesn't change. Such a solution exists if

y*=b/(1-a)

and y, is constant, equal to b/(1 — a).

We call y* the equilibrium value of y and rewrite the solution as
ye=a(ys —y*) +y*.

Example: Solve y,,,=ay,+f, .ccocoiiiiiiiiiinnn (3)

where o and  are constants.

Look for a stationary or equilibrium value of y;over time which
can be repeated for any t consistently satisfying the above equation.
May be you consider y as an equilibrium value of y; such that

y=ay+p
v B
or,y_l_ﬂ

To understand the above example, we need to remember the
dynamic multiplier.

Write

Ci=aY 4)

Let the investment be fixed at 1 for every t so that we have
Y,=C,+1 =C +1I

=a¥_ +(B+1)

:aﬂ4+ﬂ'

where g =8+1

Use the above relation (4) we have

Y,=aY,+p

If an equilibrium income Y is found, the solution can be written as

Y=aY+p
B B+l
l-a 1-«a

Note that % is the Keynesian multiplier.
-

It is important to remember that we have solved equation (3) for the stationary
level of y;i.e., y. There is no guarantee that the actual path of y converges to

y . In case y:approaches Y, then
(y,-¥)—0.
If these values of y, and y,,, hold, we can write

G=Y,=T oo ()

Difference Equations and
Applications in Economic
Dynamics
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Since y, andy satisfy (3), we have

y.,=ay +p and
y=ay+p
Thus,
Y.~ Y =a(y,—Y).
From (5),
9. =Y.~y
O g =Y —Y

or, 9w, =YY
(o] o IO 7 « R (6)

Since

Oin =G,

0, =a0,

9. =ay,
Substituting backward,

2 3
g&+1 =a g[,l =a gF2 .......

we get

t-1
gt+1 =a gO

org,=a'g, for t=0,1,2

Thus, any difference equation of the form y, =ay, , has a

solution y, = &'y,, where y, is the value of y at some chosen initial point.

General Solution

Suppose we intend to solve the equation

Its general solution will be consisting of particular solution (yp) and

complementary function (yc), i.e., y, =Y, +Y,.In this approach, the

y, component represents the inter-temporal equilibrium level of y while that

of y_ gives the deviations if the time path from that equilibrium. The solution
is called general solution due to the presence of an arbitrary constant. In order

to get a definite solution, we need an initial condition.

Let us work with complementary function. From (7), we get its reduced from

as



It is seen above that y, = 'y, is a solution to the difference equation. In that
case we have y,, =a"y, as well. We modify this and rewrite

y,=Ab"and y,, = Ab"™*

Substitution of these into (8) gives
Ab™ +aAb' =0
or,Ab'(b+a)=0

or,(b+a)=0

or,b=-a

We must have b =-a in the trial solution such that the complementary
solution can be written as

y, = Ab' = A(-a)".

Particular solution needs to be recasted such that it is in agreement with the
general solution. Consider the simplest value of y. If y, has an equilibrium

value k such that it remains constant overtime, we have y, =k as well as
Y., = K. Substitution of these values to the trial solution gives

k+a =cC

or, k=——

Since the value, K, satisfies the equation, the particular solution can be written
as

c
=k=—— for a=#0
Y 1+a

In case a =-1, however, the particular solution is not defined and some other
solution of (7) must be searched for.

Substituting k into (7), we get

k(t+1)+ak =c.

or, k=

r1ra =Cand y,=C,.

t

The general solution can now be written in one of the following forms:

Difference Equations and
Applications in Economic
Dynamics
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t C )
=A(- —  jf -1
Y, ( a)+1+a if a =

or, y, = A(-a) +C, =A+C, ifa= -1.

Notice that the solution above still remains indeterminate. This is due to the
presence of arbitrary constant A. We have to take the help of initial condition

(y, =, ) for eliminating it. Thus, taking t =0, we have

C
=A+——
Yo 1+a

or,A=y, —%

The definite solution therefore, becomes

C ¢+ C
“ly, - —|(-a) +— ¢ 1
Y, (YO j( a) tog fora#

or,y,=y,+C, fora=-1

8.3.1 Behaviour of Solutions of First Order Equations

The solution of a difference equation gives an expression for the relevant
variable as an explicit function of time. In other words, a time path of the
variable is obtained. To investigate the nature of this time path of a solution of
the first order equation, we write the solution for a = 1.

The behavior of the solution path depends on the value of a.
lal <1

y. converges to y* and the solution is stable. There are two
subcases:

O<ax<1,

Monotonic convergence.
-1<a<0

Damped oscillations.
>1

Divergence:

|a

a>1
Explosion.
a<-1
Explosive oscillations.
To understand these features see Figure 8.1.
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|
]—l
! —
1 —
I ! [
B B —
0 > ¢ 0 » 7
o @) a>1 4 (2) 0<a<l
i
: | —
! I 1 1
I \ 1 1 1
1 | I l 1
1 H I 1 1
! 1 [ [ 1 1
[ 1 ! | [ 1 1 1
! 1 | \ | - I 1 1 1
s 1 = — Bf— L
! 1 T | [ [ I
! 1 - 1 1 1
L I I I
» ¢+ O : : ; » ¢
0 » [ !
1
(3) —1<a<0 L
4)a<-1
d
I 1 1 ] I
1 ] 1 1 1
1 | 1 | |
1 I 1 1 1
B l ! ! ! !
| ] 1 1 |
1 I 1 1 l
1 | 1 1 1
0 | | | I | -
T T T T T >
(5)a=-1
Fig. 8.1
In short,

la| > 1 time path explodes (diverges)
la] <1 time path converges

a > 0 time path non-oscillating
a < 0 time path oscillating.

Thus, the condition for stability is [a] < 1.

The different cases are shown in Figure 8.1.
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8.3.2 Economic Applications of First Order Equations

We consider three applications of the type of equations discussed in the
previous section. The first is an analysis one sector Harrod-Domar model
while the second is of price dynamics. The last one deals with the amortisation
problem of hire purchase of consumer durables.

a) Harrod-Domar One Sector Model

An economy produces one good Q with capital K through a production
function Q; = bK;, where b = constant productivity of capital. Accumulation of
capital between t and t+1 is given by

Iy = Kiz1 = Ky, where | = investment in t.
Saving S; = sQ:.

Equilibrium level of income is determined at the equality of savings and
investment. So,

St = It
or, sQ; = K1 — Kt
Since Q; = bK;, we have sbK; = K;_; — K;

or, K1 = (1 + sb)K;, a homogeneous first order linear difference equation.
Therefore, solution to this equation is given by

K¢ = (1 + sb)'Ko.

Since b is productivity of capital in the model, we write %: capital output

ratio = v (say).

t
Now K = (1+ fj Ko and
\Y

Qt =(1+Ej Qo
\'

Remember that 3 = warranted rate of growth and constituted by two basic
v

parameters s and v. We can find out the output growth rate given s and v.
b) The Cobweb Model

The essential feature of this model is that production or supply responds to
price with a one-period lag. This type of lagged supply response is often
observed for agricultural products.

We assume: 1) The market demand and supply functions are linear and do not
change over time, 2) demand in any period t responds to price prevailing in
the same period t, but supply in t depends on price that prevailed in the last
period, (t — 1) and 3) the market is competitive in the sense that the price that
prevails in each period is the price that equates demand and supply. Thus, the
model can be set out as consisting of the following equations.

Dt=a—th;a,b>0
St=a-BPi-1.a,p>0,a<a
D; = S¢for all t.



The first equation gives us the simple demand curve in period t. The second
displays the lag in supply. Supply in t, S;, is determined by prices of the
immediately preceding period, P; - ;. The last equation is the condition of
market clearing in each period. The three equations together yield a first order
constant coefficient non-homogeneous difference equation in price.

_ i) a—ao
Pi= | - & |Pi_q+
t ( bj t-1 b

With a, b a, B known, a specification of the initial price Py allows us to solve
the equation as:
a-a

- (n33) (4
b+ p b b+ p

From our previous discussion, it is clear that the behaviour of P over time

depends crucially on the term [— gj .

.. (9)

.. (10)

Since this term is negative (b, p > 0) the time path will always be oscillatory.

Let us denote the constant 2—% by P,
b+ p

Then

9
5

Only in the last case (P; approaches P” as t increases), the system is stable.

>1 Price diverges

1 Price oscillates uniformly

—
o>
I

<1  Price convergesto P".

Thus, the condition for stability is [éj < 1. Since graphically (%) is the

slope of the supply curve and [%j that of the demand curve in absolute

value, the stability condition states that the slope of the supply curve must be
steeper than the absolute value of the slope of the demand curve.

a-a

b+ p

the constant value of price that is a solution of the equation (9). To check,
substitute Py = P;_; =P (a constant) in (9).

P* = (_ﬁjp*+ a-a
b b

At this point, we pause to note the significance of the value . This is

Difference Equations and
Applications in Economic
Dynamics
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Thus, P, = 2—%
b+ p

Stationary solution. The price P* may be called the equilibrium price
because it equates demand and supply and stays unchanged over time.

is a solution of (9). This type of constant solution is called

Example: We want to investigate the behaviour of price in a market with the
demand and supply functions:

D:=86-0.8 P;
St=-10+0.2P;_,
Assuming market clearing in each period (D; = S;) we have
(-0.8) Pt=0.2P;_;—96
or, Py = (-0.25)P;_1 + 120
The solution is
Pi= (PO __120 ](—0.25)t + 120
1+0.25 1+0.25
= (Po— 96) (-0.25)"' + 96
Since |-0.25= 0.25 < 1, the time path of P is oscillating but converges. The

market is stable and with the passage of time price approaches the equilibrium
value 96.

¢) The Amortisation Problem

We are all familiar with the practice of hire purchase or purchase by
instalments of consumer durables like refrigerators, cars or T.V. sets. The
buyer pays a part of the price at the time of purchase (the down payment) and
pays the rest in monthly or annual instalments over a specified period.
Because the payments are spread over a period of time, an interest cost is
included in the value of instalments. Amortisation is the term associated with
this method of repaying an initial debt plus interest charges by a series of
payments of equal magnitude at equal intervals.

Let the value of the article purchased by V and P the down payment. Then the
initial debt of the buyer is Do = V — P. The contract states that the debt, Dy is
to be paid off over T periods. The rate of interest is r (100 r%). The question
we are interested in is: how is the magnitude of periodic instalment to be
determined?

Let us denote the value of the instalment (still unknown) by B. This value
stays constant over time. The outstanding debt D; at the end of the period t
obeys the equation

Dy=(1+ DB e (10)

This simply says that to find the outstanding debt at the end of the t" period
you take the debt outstanding at the end of the previous ((t — 1)™) period D; s,
add the interest charge on it, rD; 1, but subtract the payment B made in that
period. Given the initial debt of Dy the solution of (11) is
D= (DO+E](1+r)t+E ... (12)

r r

The value of B is to be selected so that the debt disappears at the end of period
T, that is, Dy = 0. From (12) we get



B ¢+ B Difference Equations and
Do + = (]_ + r) + —=0 Applications in Economic
r r

Dynamics
— rDo
’ 1-(+r1)7T

Thus, we have the exact relationship between the magnitude of the periodic
payment and the rate of interest, the magnitude of the initial debt and the time
horizon of the contract. The expression:

1-@+r)™"
r

is referred to as the amortisation factor and value of this factor has been
extensively tabulated for different values of rand T.

Check Your Progress 1
1) What is a difference equation? Distinguish it from a differential equation.

2) Discuss the nature of the following time paths

. N 1Y)
i)y, =3"+1 (i) y, :5(—Ej +3

3) Suppose you find the following the path of y.
yi=Aa'+B;A<0,B>0.
Draw the different cases of the behaviour of y; for different values of a.
4) Solve the following equations:

. 1
i) yM—gyt =6 for y, =1

i) Yea — Wi =3 for Yo =5
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84 SOLVING SECOND ORDER DIFFERENCE
EQUATIONS

A general second-order difference equation which we have already
mentioned at begniging outset of this unit takes the form

sz = f (t, yu yt+1).

Just as in the case of first-order equation, a second-order equation will
have a unique solution and can be derived by successive (recursive)
calculation. We will show that given y, and y, there exists a uniquely
determined value of y, for all t > 2. Note that for a second-order equation
we need two starting values, y, and y,, in place of one taken in the first
order counterpart.

8.4.1 Homogeneous Equations
Consider the following second order constant coefficient equation

Yii2 T @Y, +DY, =0 ... (13)

We need to find two solutions of the equation above.
If we make a guess that the solution takes the form u, = mt
In order for u, to be a solution, we must have
m(m2+am+b) =0
or,ifm=0,
m2+am+b=0.

This is called the characteristic (or auxiliary) equation of the difference
equation and its solutions are

—(1/2)a £ V((1/4)az - b).
8.4.2 Behaviour of Solutions of Homogeneous Equations
Looking at the component V((1/4)az — b), we distinguish three cases:
i) Distinct real roots

If a2 > 4b, the characteristic equation has distinct real roots, and the
general solution of the homogeneous equation is

t t
Am’, +Bm,’,
where m, and m, are the two roots.

i) Repeated real root

If &> = 4b, then the characteristic equation has a single root, and the
general solution of the homogeneous equation is

(A + Bt)m,
where m = —(1/2)a is the root.
i) Complex roots

If @ < 4b, then the characteristic equation has complex roots, and the
general solution of the homogeneous equation is

Artcos(6t + ),



where A and o are constants, r = Vb, and cos 0 = —a/(2\b), or, alternatively, Difference Equations and
Applications in Economic

C.r cos(6t) + C,r sin(6t), Dynamics
where C, = A cos o and C, = —A sin o (using the formula that cos(x+y) =

(cos x)(cos y) — (sin x)(sin y).

When the characteristic equation has complex root, the solution oscillates.

Artis the amplitude (which depends on the initial conditions) at time t, and

r is growth factor. 6/2x is the frequency of the oscillations and  is the
phase (which depends on the initial conditions).

If |r| < 1 then the oscillations are damped; if |r| > 1 then they are
explosive.

Stability

We say that a system of differential equations is stable if its long-run
behavior is not sensitive to the initial conditions.

Consider the second-order equation
Yoo + @Y +DY, =G

Write the general solution as
yo=Au + Bv. + u*,
where A and B are determined by the initial conditions.
This solution is stable if the first two terms approach 0 as t — oo, for all
values of A and B. In this case, for any initial conditions, the solution of the
equation approaches the particular solution u*. If the first two terms
approach zero for all A and B, then u, and v, must approach zero. You can
take A =1 and B = 0 to see that u, approaches zero. On the other hand, take
take A= 0 and B = 1 to see that v, approaches 0. A necessary and sufficient
condition for this to be so is that the moduli of the roots of the characteristic
equation be both less than 1. Note that the modulus of a complex number

o + Bi is +V(o + ), which is the absolute value of number if the number is
real.

There are two cases:

« If the characteristic equation has complex roots then the modulus of
each root is Vb (the roots are o. £ Bi, where a. = —a/2 and 8 = V(b —
(1/4)a)). So for stability need b < 1.

o If the characteristic equation has real roots then the modulus of each
root is its absolute value. So for stability we need the absolute values of
each root to be less than 1, or |-a/2 + \(a#/4 —b) | <1 and |-a/2 —
V(@4 -b)| <1.

8.4.3 Non-homogeneous Equations

To find the general solution of the original equation

Yo + QY + DY = C,

we need to find one of its solutions. Suppose that b = 0.

The form of a solution depends on c.

Suppose that ¢, = ¢ for all t. Theny, = C is a solution if C = c¢/(1 + a + b) and
ifl+a+b=0;
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if 1 + a+ b=0then tryy = Ct; if that does not yield a solution, we have to

try y. = Cte.

8.4.4 An Economic Application of Second Order Non-
homogeneous Equation

We discuss now an economic example of a second order non-homogeneous
equation. This is Samuelson’s model of interaction between the multiplier and
the accelerator. Consider the following macro-economic equations:

Ci=Co+cYiq,0<c<l.
l=1lo+ v(Ci— Cy); v>0.
Yi=Ci+ |t

The symbols Y, C, I stand for national income, consumption and investment
respectively. The first equation is the consumption function with a one-period
lag; the second is the investment function of the accelerator type. Co + g are
the levels of autonomous consumption and investment. The marginal
propensity to consume ¢ and the accelerator coefficient v are assumed to be
constant. The final equation is the condition of macro balance. The three
equations together generate the following difference equation in Y

Yi—c(l+V) Yig+cvYi2=Co+ 1o ... (15)
The characteristic equation for the homogeneous part is
m?—c(l+v)m+cv=0

The roots are

my, My = % (c(1 +v)J_r\/cz(1+ v)? —4cv) ... (16)

Both m; and m, are positive because from the theory of quadratic equations
we know my + mp =¢(1 +v) >0and mym, =cv > 0. Since c(1 +v) —cv#1,

| . .
b. Three types of solution are possible

the particular solution is
depending on the values of c and v.
1) c*(1+v)®>4cev
or, c(1+v)? > 4v, the roots are real and distinct.
Here,

C, +1,

Yi=Aim + Apm) + ; A1, A, = 0 and constants

2) c(1+v)® = 4v, the roots are real and equal with value %c(l+v). In this

case

2
Vi (A A) (BT 4+ S

1-c
3) c(1+Vv)? < 4v, the roots are complex. From (16) we see that the roots are
of the form (a * ib) with

1
a=—c(l+v
2( )



= % Jaev —c? (L+v)°?

(© \Jc2(L+ V)% —4ov = i (4ev — c2(L+V)? )= iyf4cvy — c2(1+V)? = ib)
The modulus of the roots

r=+a’+b? = Jev
The solution is
C,+1,

Y. = (Wev )? (Ag cos(td) + A sin (t6) + -

where 6= tan! ‘/4CV —ciy)”
cl+v)

In this case, we have a cyclical time path of national income Y. If Jov <1,
then (\/a)t will tend to zero as t increases and Y will approach the value
C,+1,

1-¢

Thus, the condition for stability (damped oscillations in Y) is Jov <1, that s,
the product of the marginal propensity to consume and the accelerator
coefficient should be less than unity.

Check Your Progress 2

1)

2)

Solve the following difference equations and determine whether the
solution paths are convergent or divergent, oscillating or not.

Q) Yoo+ 3y — (7/4)y. =9
D) Yur— 2Yun + 2y, = 1.

Q) VYo — Yeu + (L/4)y, = 2.

d) Vie+ 2Yua +Yy, =92,

€) Vus — 3Yur + 2y, = 3:50+ sin((1/2)mt).

Find the roots of the equation
Yi=ayi-1 + byt

Examine when the roots are

1)
2)
3)

real, unequal
real, equal
complex

What is the auxiliary or the characteristic equation of the equation above?
What are the final forms of general solution of the equation in each case?

Difference Equations and
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3) Find the solutions of the equations:
a) Yi+t4yi_,=0,y=12, 11 att=0, 1 respectively.

b) yi=2yi-2— gyt_z ,y=0,1latt=0, 1 respectively.

8.5 LET USSUM UP

In continuation with the theme on solving economic problems in a dynamic
set up, the present unit took up ‘time’ as a discrete independent variable and
examined tool of simple difference equations. In the process, we considered
the solutions of first and second order linear difference equations covering
homogeneous and non-homogeneous cases. To see the applications of these
equations to economic problems, the time path of adjustment of macro-
economic variable — national income — in case of the simple Keynesian
multiplier model and Samuelson’s multiplier-accelerator interaction model
were discussed. We also examined the time path of adjustment of the price
variable and looked into the conditions of dynamic stability of the different
systems — i.e., whether over time, the economic variables — price or national
income — converge to a stable equilibrium. Finally, the conditions when the
systems become dynamically explosive — i.e., the variables move further and
further away from the equilibrium value were examined.

8.6 KEY WORDS

Amortisation: It is the term associated with the method of repaying an initial
debt plus interest charges by a series of payments of equal magnitude at equal
intervals.

Cobweb Model: A model where production or supply responds to price with
a one-period lag. This model is often used to analyse the demand-supply
mechanism for markets of agricultural commaodities.

Constant Coefficient Difference Equation: A difference equation has
constant coefficient if the coefficients a;’s associated with the y values are
constant and do not change over time.

Difference Equation: A difference equation is an equation involving the
values of an unknown function y(x) for different values of x. The independent
variable — time in problems of economic dynamics — takes only discrete
values. The form of the equation is, y; = a1yi1 + ayt2+ ... + ayn1 + b, where



ai, a ...., a, and b are constants, is an example of an n-th order linear,
constant coefficient, difference equation.

Homogeneous Difference Equation: A difference equation is homogeneous
if the constant term b is zero.

Linear Difference Equation: A difference equation is linear if (i) the
dependent variable y is not raised to any power and (ii) there are no product
terms.

Non-homogeneous Difference Equation: A difference equation is non-
homogeneous if the constant term, b, is non-zero.

Order of a Difference Equation: It is determined by the maximum number
of periods lagged.
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8.8 ANSWER OR HINTS TO CHECK YOUR
PROGRESS

Check Your Progress 1

1) See Section 8.1

2) i) Non-oscillatory; divergent
ii) Oscillatory; convergent

3) Fig. 8.1 shows the time path for A > 0. Draw the corresponding figures
for A<O.

: 1Y o o (1Y
4) ) yt=—8[§j +9 ;i) yt_—Z[Tj +4

Check Your Progress 2
1)

t t
a) A (%) + Az[_—;j +4. Nonconvergent oscillations.

b) (\/E)t (Al cos (%)t + A, sin (%)tj +1.Nonconvergent oscillation.

t t
c) A{%J +A2t[%j +8. Convergent, non-oscillating.

d) The characteristic equation is m*+2m+1=(m+1)* =0, which has

a double root of —1. So the general solution of the homogeneous
equation isy, =(C,+C,t)(-1)'. A particular solution is obtained

Difference Equations and
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by inserting u,” = A2', which yields A = 1. So the general solution of

the inhomogeneous equation is y, = (C, + Czt)(—l)t +2'

e) By using the method of undetermined coefficients the constants A,

B, and C in the particular solution
u =A5+ Bcos(%)HCsin(%)t,we obtain A = 1/4, B = 3/10,

and C = 1/10. So the general solution to the equation is

yt:C1+022‘+(£j5‘+ icos(zjt + isin(zjt :
4 10 2 10 2

2) See Section 8.4 and answer.

Note that in the text y; = ay;_1 + by; 1
Here you have a slightly changed equation.
tr) 11 . (tr

3) a)y.=2"|12cos| = |+ ==sin| — ||.

)y { (2j 2 “ﬂ
t
2 V3.
b =|— sin(to
) % (ﬁj (Zsmg] (t6)
where 6 = tan™ (LJ
V3

8.9 EXERCISES

1) Investigate the behaviour of price in a market, i.e., the stability of a
system with demand and supply functions:
a)D;=86-0.8P;

St =-10+0.8 Pt—l
b) D; =86 - 0.8 P;

2) What is amortisation? Derive the exact relationship between the
magnitude of the periodic payment B and the rate of interest r, the
magnitude of the initial debt Dy and the time horizon of the contract T.

3) Establish the stability condition of Samuelson’s multiplier-accelerator
interaction model.

t

4)  Find the time path represented by the equation y, = 2[—%] +9.

5) Find the solution of the equation vy,,, ++y, =5 for y, =2.

5) The demand and supply for cobweb model is given as

Qu =19-6P and Q,=6R_,—5. Find the intertemporal equilibrium
price and comment on the stability of the equilibrium.

Answer or Hints to Exercises

1)

Note that for the Cobweb model
Dt=a—th a,b>0
St=a+PPiaa,p>0,a<0



D¢ = S;for all t. Difference Equations and
. o . . Applications in Economic
A specification of the initial price Py allows us to solve the equation. Dynamics

a—a
et

as Pt:(PO—a_aJ(_ﬁj a-a
b+ p b b+ p

i t a-a
or, Pr- (P, - P*(—Fj +P P =

I

t
If (— F) s0ast— oo, Py P, the equilibrium value.

This is possible if and only if §< 1

i.e., p<b.

a) P=0.8,b=0.8.Hencep =h.

This results in uniform oscillation, as %: % .

or, the slope of the supply curve = the absolute slope of the demand curve.
b) b=08,=09

By

Hence

or, p>h.
1 1

or, —<-—.
b

i.e., the slope of the supply curve is less than the absolute value of the slope
of the demand curve.

Hence, price diverges further and further away from the equilibrium and you
come across an explosive and oscillatory situation.

c) B=09,p=08
B

" < 1 implies damped oscillation and the system is stable.

You should draw diagrams in each case and satisfy yourself.
2) See Example (b) in Sub-section 8.3.4.
3) Sub-section 8.4.4 and answer.
4) Since b= —% <0, the time path is oscillatory. As |b| = g <1, the
oscillation is damped and it converges to equilibrium level of 9.
5) y,=-2(-1) +4

6) p=2; discuss on uniform oscillation. 61



